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============

An old result of Romanov \[[@CR16]\] states that a positive proportion of the positive integers can be written in the form $\documentclass[12pt]{minimal}
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                \begin{document}$$n \le x$$\end{document}$ with a very large number of representations and on average *r*(*n*) is bounded. The most prominent special case of Romanov's result is the one concerning sums of primes and powers of 2. Euler \[[@CR9]\] observed in a letter to Goldbach that 959 can not be written as the sum of a prime and a power of two. Euler's letter was also mentioned by de Polignac \[[@CR3]\] and provides a counter example to a conjecture of de Polignac himself, stating that any odd positive integer is the sum of a prime and a power of 2. In 1950, Erdős \[[@CR5]\] and van der Corput \[[@CR18]\] independently proved that also the lower density of odd integers not of the form $\documentclass[12pt]{minimal}
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Concerning Romanov's theorem one may ask how this result can be generalized. One way would be by replacing the sequence of powers of *g* with another sequence $\documentclass[12pt]{minimal}
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We would expect that for many sets $\documentclass[12pt]{minimal}
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                \begin{document}$$|\mathcal {A}\cap [1,x]| \ge c\log x$$\end{document}$ for some positive constant *c*, one can write a positive proportion of integers $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathcal {A}_1&=\{2^{2^k}+m!:k,m \in \mathbb {N}_0\}, \\ \mathcal {A}_2&=\{2^{2^k}+2^q: k \in \mathbb {N}_0, q \text { prime}\}. \end{aligned}$$\end{document}$$Using the machinery of Romanov \[[@CR16]\], we prove the following two theorems.

Theorem 1 {#FPar1}
---------

The lower density of integers of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$k,m \in \mathbb {N}_0$$\end{document}$ and *p* prime is positive.

Theorem 2 {#FPar2}
---------

The lower density of integers of the form $\documentclass[12pt]{minimal}
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Concerning integers not of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$p+2^{2^k}+m!$$\end{document}$ we consider two different questions: The first one is finding a large set, in the sense of lower density, of odd positive integers not of this form.

The second question is if there is a full arithmetic progression of odd positive integers not of the form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p+2^{2^k}+m!$$\end{document}$. The positive answer to this question is given in Theorem [4](#FPar4){ref-type="sec"}. Note that, the density of the set constructed in the proof of Theorem [4](#FPar4){ref-type="sec"} is considerably less than the density of the set used in the proof of Theorem [3](#FPar3){ref-type="sec"}.

Theorem 3 {#FPar3}
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Theorem 4 {#FPar4}
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                \begin{document}$$k,m \in \mathbb {N}_0$$\end{document}$ and *p* prime.

Finally, we prove analogous results for integers not of the form $\documentclass[12pt]{minimal}
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Theorem 5 {#FPar5}
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Furthermore, there exists a full arithmetic progression of odd positive integers not of the form $\documentclass[12pt]{minimal}
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Concerning the last result, we recall that Erdős conjectured that the lower density of the set of positive odd integers not of the form $\documentclass[12pt]{minimal}
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                \begin{document}$$k,m \in \mathbb {N}_0$$\end{document}$, *p* prime (see for example \[[@CR10], Sect. A19\]).

For the proofs of Theorems [1](#FPar1){ref-type="sec"} and [2](#FPar2){ref-type="sec"}, we apply the method of Romanov \[[@CR16]\]. This means that we start with the Cauchy--Schwarz inequality in the form$$\documentclass[12pt]{minimal}
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                \begin{document}$$r_2(n)$$\end{document}$ are proved in Sect. [4](#Sec4){ref-type="sec"}, Lemmas [5](#FPar21){ref-type="sec"} and [6](#FPar23){ref-type="sec"}, respectively. Theorems [3](#FPar3){ref-type="sec"} and [4](#FPar4){ref-type="sec"} are proved at the end of Sect. [3](#Sec3){ref-type="sec"} and Theorem [5](#FPar5){ref-type="sec"} at the end of Sect. [4](#Sec4){ref-type="sec"}.

Notation {#Sec2}
========
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                \begin{document}$$p+2^{2^k}+m!$$\end{document}$ {#Sec3}
===============================================================

Before proving Lemmas [3](#FPar15){ref-type="sec"} and [4](#FPar17){ref-type="sec"}, we establish and collect several results needed in due course. The following is a classical result due to Legendre (see for example Theorems 2.6.1 and 2.6.4 in \[[@CR14]\]).

Lemma A {#FPar6}
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Theorem 7 {#FPar9}
---------

If we exclude solutions arising from interchanging $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_1,y_1)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_2,y_2)$$\end{document}$, the equation $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2^{x_1}+y_1!=2^{x_2}+y_2!$$\end{document}$ has only four non-negative integer solutions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_1,y_1,x_2,y_2)$$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(x_1,y_1) \ne (x_2,y_2)$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(y_1,y_2) \not \in \{(1,0),(0,1)\}$$\end{document}$ if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_1=x_2$$\end{document}$. These are the solutions presented in Theorem [6](#FPar7){ref-type="sec"}.

Proof {#FPar10}
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Lemma 1 {#FPar11}
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-----
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-----
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Proof of Theorem 3 {#FPar19}
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Proof of Theorem 4 {#FPar20}
------------------
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Lemma 5 {#FPar21}
-------
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Proof {#FPar22}
-----

The lemma follows fromBy the Prime Number Theorem, we haveTogether withthis finishes the proof of the lemma. $\documentclass[12pt]{minimal}
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Lemma 6 {#FPar23}
-------
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Proof {#FPar24}
-----
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Proof of Theorem 5 {#FPar25}
------------------

We prove the theorem by showing that the subset of positive integers in the residue class $\documentclass[12pt]{minimal}
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